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Abstract 

We determine the PBW deformations of the wreath product of a symmetric group 
with a deformed preprojective algebra of an affine Dynkin quiver. In particular, we 
show that there is precisely one parameter which does not come from deformation of 
the preprojective algebra. We prove that the PBW deformation is Morita equivalent 
to a corresponding symplectic reflection algebra for wreath product. 



1 Introduction 

1.1 Deformed preprojective algebras were introduced by Crawley-Boevey and Holland 
in [OBH . We start by recalling its definition. 

Let Q be a quiver, and denote by / the set of vertices of Q. The double Q of Q is 
the quiver obtained from Q by adding a reverse edge a* : j — > i for each edge a : i — > j 
in Q. For any edge a : i — > j in Q, we write its tail t[a) := i and its head h(a) := j. 
Let B := © ie/ C , and E the vector space over C with basis formed by the set of edges 
{a G Q}. Thus, E is a S-bimodule and E = ©,• eJ Eij, where Eij is spanned by the edges 
a € Q with h(a) = i and t(a) = j. The path algebra of Q is CQ := TbE = n>o Tg£?, 
where T^E = E (g>£ • • • <S>b E is the n-fold tensor product. The trivial path for the vertex 
i is denoted by ej, an idempotent in B. Let r := ^2 a£ n[a, a*] G T^E. For each i £ I, let 

rj := e^rei = a • a* — a* • a . 

{aeQ | /i(a)=i} {agQ | t(a)=i} 

For an element X € B, we will write A = X^ie/ ^ iei wnere Aj G C. 

Definition 1.1.1. For each element A G B, the deformed preprojective algebra of Q is the 
quotient algebra 

. CQ = CQ 

((r - A)) ((rj - \ei )) ie / 

where ((...)) is the two-sided ideal generated by the indicated elements. 

The algebra LTo is called the preprojective algebra of Q. Note that the grading on CQ 
induces a filtration on LTa and there is a natural map IIo — ► grll^. The "PBW" theorem 
for proved in |CBB. Cor. 3.6] says that this map is an isomorphism when Q is an 
affine Dynkin quiver (of type ADE). 



1.2 The main construction of this paper is a one-parameter deformation of the wreath 
product Tlf n #S n , where n is an integer greater than 1, the superscript 0n means n-fold 
tensor product over C, and S n is the symmetric group on n objects. 

To state the definition, we will use the following notations. Let n be a positive integer. 
The element Sj,- G S n is the transposition i <-> j. Let B := B® n . For any I G [l,re], define 
the B-bimodules 

E £ := B^" 1 ) E B®( n "^ and E := E £ . 

l<£<n 

The natural inclusions E t ^ B®^- 1 ) ^ T B B B® C {T B E)® n induce canonical 
identifications T B E £ = B®^ -1 ) TbB B®( n ~ £ ) and a surjective morphism T : T B E — > 
(TeB)® n . Given two elements e € and e' G E m of the form 

e = ej 2 • • • a • • • /&(&) - - - e in , (1.2.1) 



e' = ei] _ ei2 . . . £( a ) • • • b • • • e in , (1-2.2) 
where I ^ m, a,b G Q and ii, . . . , i n G I, we define their "commutator" 

|e, e'J := (e h • • • a • • • • • • e i „)(e il • • • i(a) • • • 6 • • • e in ) 

-(et! • • • /i(a) • • • b • • • e in )(e il • • • a • • • t(6) • • • e in ). 

Note that [e, e'J is an element in T|E. The kernel of T is the two-sided ideal generated 
by all elements of the form [e, e'J • 

Definition 1.2.3. Let re > 1 be an integer. For any A G B and i/£C, define the algebra 
A n ,A,y to be the quotient of TbE#S u by the following relations. 

(i) For any . . . , i n G I and £ G [1, re]: 

ej x • • • (r ie - \i t e k ) • • • e in = v ^ (e h • • • e ie • • • e^)^ . 

(ii) For any e, e' of the form ifHH^ - ljT^]) : 

( e ii • • • /i(a) • • • i(a) • • • ei n )s lm if a = 6* & & G Q , 
— ^(e^ • • • /i(a) • • • t(a) • • • e in )s£ m if b = a* & a G Q , 
else . 

It is easy to see that /\ n ,\u does not depend on the orientation of Q, cf. CBH ( Lemma 
2.2]. Moreover, A n ^o = nf n #5*n- The grading on T B E induces a filtration on k n \ u and 
there is a natural map Tl® n #S n = A n) o,o — ► gr &n,\,v We will prove in 321 that, when Q 
is affine Dynkin of type ADE, this map is an isomorphism, and any "PB W deformation" 
of Il® n #5 n must be of the form A n> \ >Ll . 

Remark 1.2.4. Regarding v as a formal variable, we obtain a one-parameter formal 
deformation of ITf n #S n ; see jEUj. 
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1.3 The motivation to study /K n \,v comes from |EG) . in which Etingof and Ginzburg 
introduced the so-called symplectic reflection algebras for wreath products, cf. also |GS| . 
We recall its definition. 

Let L be a 2-dimensional vector space equipped with a nondegenerate symplectic 
form ujl. Let V := L® n and u := uj® n . Let T be a finite subgroup of Sp(L) and 
Tn := 5" n x T n C Sp(V). Denote by ZT the center of the group algebra C[r]. Given 7 G T, 
write 7i G T n for 7 placed in the i-th factor V. An element s G T ra is called a symplectic 
reflection if rk(ld — s) = 2. According to |EG[ (11.1)], there are two types of symplectic 
reflections in T n : 

(S) The elements Sijjij^ 1 , where i, j G [l,n] and 7 £ T. 
(r) The elements 7$, where i £ [1, n] and 7 G T \ {1}. 

The group T n acts on the set S of symplectic reflections by conjugation. The set of 
elements of type (S) form a single r ra -conjugacy class, while the elements of type (r) for 
7 in each T-conjugacy class form a r ra -conjugacy class. Thus, we may identify an Adr n - 
invariant function c : S — > C : s h c s with an element k ■ 1 + X^ 7 er\{i} c -y ' 7 e ^r, 
where A; is the value of c on elements of type (S) and is the value of c on the elements 
7i of type (r). For each s G S, write tu s for the bilinear form on V which coincides with 
co on Im(ld — s) and has Ker(ld — s) as its radical. 

Definition 1.3.1. For any t G C and c G Zr, the symplectic reflection algebra Ht iC (T n ) is 
defined to be the quotient algebra (TV#T n )/ ({ [u,v] — k(u,v) )) u ,veV> where 

k : V (g> V — > C[r n ] : (n, v) 1— > t • «) • 1 + c s • o; s (u, u ) • s . 

ses 

We will construct in fJ2]a Morita equivalence between Ht jC (r n ) and A n ^ i!/5 where the 
quiver Q is associated to T via the McKay correspondence. 

Remark 1.3.2. When T = {1}, the algebra Hj )C (r n ) = ^t,k(S n ) is the rational Cherednik 
algebra of type A n _\, cf. |EG| and Lemma 13.1.11 below. In this case, the quiver Q is 
the affine Dynkin quiver of type Aq, and we have h n ,\,ii = ^t,k{S n ) where the parameters 
A = t and v = k/2. 

2 PBW deformation 

2.1 We will define here what we mean by PBW deformations of TlQ n #S n . 

Denote by [E^,E m J the sub-B-bimodule of T|E spanned by all elements of the form 
[_£, e'J with e G Ei, e' G E m . Let R be the sub-S-bimodule of TgE spanned by rj for i £ 7, 
and let 

R e :=B®^®R®B®^\ R : =(0R,)e( [Ee, E m J) C T|E . 

l<e<n \<Km<n 
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Furthermore, let if := B#S n and M := E ® C[5 n ]. Note that M is a if-bimodule, 
where the left action of S n on M is the diagonal one. We have: TeE#S n = T^M. Let 
U := R <g> CfSy C T^M. For any if -bilinear map /? : [/ — ► if, define the algebra 

T B E#5 n _ T K M 

The grading on TbE #5 n induces a filtration on and there is a natural map H^ n ^S n = 
A — ► gr A^. 

Definition 2.1.1. The algebra Ap is a PBW deformation of Ilf n #5 n if gr A^ = Il® n #S n . 

Remark 2.1.2. When n = 1 and Q is affine Dynkin of type ADE, any £>-bilinear map 
(3:R — > B gives a PBW deformation by |TM1 Cor. 3.6]. 

2.2 The first main result of this paper is the following. 

Theorem 2.2.1. Let n > 1 and assume Q is an affine Dynkin quiver of type ADE. The 
algebra A^ is a PBW deformation of Tlf n #S n if and only if A^ = A n \ u for some X £ B, 
ueC. 

Proof. When Q is of type Aq, the Theorem follows from |EG1 Theorem 1.3]; see Remark 
11.3.21 Hence, we may assume that Q has no edge-loop. Given any x G U, write (3{x) in 
the form 

(3{x) = Pl 1 '" jn (x)e n <8> • • ■ ® e jn ■ a 

where 0£'" 3n {x) £ C and the sum is taken over all vertices j\, . . . ,j n G I and permutations 
a G S n . 

First, we find the constraints on (5^" so that (3 is if -bilinear. The right S^-linearity 
of (3 means that the (3{? "' Jn, s are determined by how they are defined on R. The left 
^-linearity of means that for any ki ® k% ® ■ ■ ■ <8> k n G R and r G 5 n , we have 

fcl ® ® ■ • • ® *») = ^r-i' iT(n) (E *V(1) ® M ® • • • ® k r(n)) • 

Consider any element k\® ■ ■ ■ (&k n G R^ with fci, &2, • • • G i except for fc^ = rj G i?. By 
the B-bilinearity of /?, we must have f3 3 a " 3n {ki ® ■ ■ ■ <8> A; n ) = if ji 7^ fei, or j% 7^ &2, . . ., 
or j e ^i,... or j n / A; n , or fc^) / fe p for any p. 

Consider any element [£,e'\ with e, e' of the form (jl.2.1|) - (|1.2.2j) . By the B-bilinearity 
of (3, we must have /3£ 1 "'- Jn (|£, e'J) = if j\ ± ii, or j 2 ^ 12, . . ., or j t / /i(a) or j m / /i(6), 
or i CT ( p ) ^ z p for any p, or (£, m in different cycles of a), or m in same cycle of a and 
t(b) / /i(a) or t(a) / Note, in particular, that (3([e,e'\) = if ^ h(a) or 

t(a) / h(b). 

Next, it is known that the .B-algebra Ho is Koszul; this was proved in |Gr| Theorem 
7.2] when Q is affine Dynkin of type A and in |MVl Theorem 1.9] when Q is affine Dynkin 
of type D or E. Thus, ~n.Q n #S n is a Koszul if -algebra, and so by |BG| Lemma 3.3], A^ 
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is a PBW deformation if and only if (3 <g> Id = Id <g> on (R (g> B E) n (E (8>b R). Here, the 
equality takes place in M while the intersection takes place in T^M. 

Observe that (R ®b E) fl (E 8b R) is spanned by the following two types of elements: 

(1) For any e € E^, rj € E m and £ £ E r of the form 

e = e h <g> • • • ® a <g> • • • <g> /i(6) <g) • • • <g> /i(c) <g> • • • <g> e in , (2.2.2) 

ry = e il ® • • • ® t(a) ® • • • <8> 6 ® • • • <g> /i(c) ® • • • ® e,„ , (2.2.3) 

C = e ix <g> • • • ® i(a) <g> • • • ® i(6) ® ■ ■ ■ <g> c ® • • • <g> e in , (2.2.4) 
where a, 6, c € Q an d ii, . . . ,i n G I, we have the element: 

Le,r?JC- L^, CJ^7 + [v,C\e = e[v,C\ -r/|e,Cj + C,\_£,r]\ • 

Here, in the second term of the left hand side, the rj is actually the r/ of (|2.2,3[) whose r-th 
entry is t(c) instead of h(c), and the £ is actually the ( of H2.2.4|) whose m-th entry is h(b) 
instead of t(b). Throughout, we shall use similar convention. 

(2) We use a similar convention as above. For any x = G R^ (where Si,rji G E^) 
and C G E m , we have the element: 

We now see what the equation (5 <g> Id = Id <8> /3 says when applied to elements of type 

(1) . We have: 

P([e,r ] \K-f3([e,C\)v + P(lvX\)e = eP([r ] X\)-vP([e,C\)+CP([e,r ] \). 

Recall that this is an equality of elements in M. The edges which appear in (3([e,r]\)^, 
/3(|_£, CJ) 7 ?; an d /5(b?>Cj) e are > respectively, c, 6, and a; the same for £/3(|_£, r/J), r7/3(|_£, CJ)> 
and £/3(\r),C\)- It follows that for equality, we must have P(\s,ti\)C = CPi^^l) when 
c / a, 6. Hence, we deduce that Z?^- 1 3n (L £ ) r ?J) = if <r 7^ s^ m . Moreover, we also have 

^■••>"^(Le,7/J)=^"*"in(^ T/ j) 

where r ^ £,m and j r = /i(c), j£ = t(c) (for any edge c G Q). Here, by our convention, 
the r-th entry of [e, r/J on the left hand side is h{c) while the r-th entry of |e, v\ on the 
right hand side is t(c). 

Now we see what the equation (3®Id = Id ® /3 says when applied to elements of type 

(2) . We get: 

/3(E e ^)c-E' 9 (^'Cj)^ = E e ^(^'Cj) + c/3(E e ^)- ( 2 - 2 - 5 ) 

Hence, 
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where m ^ t and j m = h(c), j' m = t(c) (for any edge c G Q). Here, by our convention, the 
m-th entry of x on the left hand side is h(c) while the m-th entry of x on the right hand 
side is t(c). Moreover, we have Pi 1 Jn (x) = if a is not 1 or se m for any m. 

Let a = S£ m . Taking ( to be s! of (jl.2.2j) and x to be (g> • • • (g> ® ■ ■ ■ ® ei n , we 
deduce from (12^31) that 0* 1 •"*"([£, <|) = ff*"*»{x) if 6 G Q and a = b*; /^'"^(L^ e 'J) = 
-^'"^(x) if a G Q and b = a*; and /3^"' in (Le,e'J) = otherwise. □ 

Remark 2.2.6. Let Q be a connected quiver. It is known from |Gr| and |MVj that if 
Q is not a finite Dynkin quiver, then the preprojective algebra IIo is Koszul. In this 
case, note that (R <g> b E) n (E (g> b R) = when Q has more than one edge, and so by 
BG , the deformed preprojective algebra 11^ is PBW for any A G B; moreover, assuming 
furthermore that Q has no edge-loop, Theorem 12.2.11 is still true by same proof as above. 

2.3 We end this section with some comments. First, TqE is the path algebra of the 
product quiver Q X • • xQ whose vertex set is I x • • • x I and edge set is \J I X • • • X Q X • • • X I. 

Next, let us consider the relations (ii) in Definition 1 1 . 2 . 31 for n = 2. 

Example 2.3.1. When n = 2, the relations (ii) in Definition 11.2.31 means that, for any 
edge a G Q: 

(a* <g> h(a))(h(a) ® a) - (t(a) <g> a) (a* ® t(a)) = v ■ (t(a) <g> h(a))s 12 ; 
and for any edges a, b G Q with a ^ b* or b ^ a*: 

(a <g> h(b))(t(a) <g) b) - (h{a) ®b)(a® t(b)) = . 

3 Morita equivalence 

3.1 We will give in the following lemma a more explicit presentation of the algebra 
Ht jC (r n ) by generators and relations. Given any element u G L and i G [1, n], we will write 
Ui G V for u placed in the i-th factor L. Recall from m .31 that c = k ■ 1 + X^ 7 er\{i} c '-y'l^ 
Zr. From now on, we fix a basis {x,y} of L with ui,{x y y) = 1. 

Lemma 3.1.1. The algebra H tiC (r n ) is the quotient ofTV#T n by the following relations: 
(Rl) For any i G [l,n]: 

[H , Vi] = t ■ 1 + - 1 + tyi- 

o+i 7er 7er\{i} 

(R2) For any u,v G L and i ^ j: 

[ui,Vj] = ™ ^w L (7u,i;)si i 7i7 i " 1 . 
7er 
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Proof. We first consider symplectic reflections of type (S). Let s = s^i^J . If u G V, 
then (u — su)/2 G Im(ld — s) and (u + su)/2 G Ker(ld — s). Thus, for any u, v G V, we 
have u! s (u, v) = uj{u — su, v — su)/4 = u(u, v)/2 — uj{u, sv)/2. In particular, 

uJ s (xi,yi) = 1/2, 

LQ s (x h yi) = for I 

LU s (ui,Vj) = — u>l(u, 7 _1 v)/2 for any u, v G L , 

w a (tij,v m ) = for any u,v G L, m,i,j . 

We next consider symplectic reflections of type (r). Let s = 7^. Then Im(ld — s) = 
{ui\u G L}, and Ker(ld — s) is spanned by Uj where u G L, j 7^ i. Thus, 

u s (xi,yi) = 1, 
u s (xi,yi) = for/^i, 
LO s (ui,v m ) = for any u,v £ L, I ^ m,i . 

□ 



3.2 Let us recall the classical McKay correspondence. Given the finite subgroup T C 
Sp(L), we shall write its irreducible representations as iVj, i G I. Consider the quiver with 
vertex set / and whose number of edges from i to j is the multiplicity of Ni in L ® Nj. 
This quiver is the double of an affine Dynkin quiver Q of type ADE. This construction 
gives a bijection between conjugacy classes of finite subgroups of Sp(L) and affine Dynkin 
diagrams of type ADE. 

3.3 Following CB] §4] and [CBH . §3], we now define idempotent elements ft and / in the 
group algebra CT. For each i G /, let Si be the dimension of the irreducible representation 
Ni. We fix an isomorphism Cr ~ ig/ Mat(<5j x <5j). Let E % p q (1 < p,q < 5i) be the 
element of Cr with 1 in the (p, g)-entry of the matrix for the i-th summand and zero 
elsewhere. Let fi be the idempotent E\ 1; and let / = fi- 

Note that, in the algebra C[T n ] = (Cr)® n , we have 

ii,...,t n e/ 

and 

E (^,1 ® • • • ® ^.i)/^^! ® ■ ■ ■ ® 

il,pi,...,j ra ,Pn 
ii,pi,...,i„,p„ 
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3.4 We state here some observations which we will use later. First, we have an isomor- 
phism 

B A/8 n c[r]r= c./i,®..-®/^ (3.4.1) 

h,...,i n £l 

defined by 

&i x ® • • • ® e in (->• / ix ® • • • ® f in . 
Now V ® C[r™] is a C[r n ]-bimodule, where the left action is the diagonal one. We have: 

f® n (V ®C[T n ])f® n 

= (/« ® ■ • • ® /i J(L e " ® cr®---®cr )(/ A ® • • • ® / in ) 



»l,.">Jn 

n 



= Hom r (iVi 1 ,iV i J®---®Hom r (iV i! ,i:®iV i J®---®Hom r (iV^ ) iV i „) 

i=l ii,...,jn 

~E. (3.4.2) 
It follows from g33H553> that 

/®"r C[ r»](V ® C[r n ])/^ n ~ T B E (3.4.3) 

and 

f® n (TV#r n )f® n = f® n (T c[rn] (V ® C[r"])#5 n )/® n ~ T B E#S n . (3.4.4) 

3.5 By EH . the algebra H t>c (r„) is Morita equivalent to the algebra f m H t A T n)f® n - 
By g33) , /^ n H t , c (r n )/^ n is isomorphic to a quotient of T B E#S n . 

Remark 3.5.1. When n = 1, there is no parameter and Hj c (r n ) is the algebra denoted 
by ^ A in [CBH , with Aj being the trace of t ■ 1 + S 7 ^i on ^ij c f- Lemma 13.1.11 In 
this case, it was proved in [HbTTI Theorem 3.4] that fy x f ~ II A . 



The second main result of this paper is the following generalization of |CBH1 Theorem 
3.4]; cf. also jHH Theorem 4.12]. 



Theorem 3.5.2. When n > 1, there is an isomorphism f® n V\ tfi {T n )f® n ~ A ni \ iU , where 



Aj is the trace of t ■ 1 + Yl^x c o<7 on anc ^ ^ = • 

Proof. When T = {1}, the Theorem is trivial by Remark 11.3.21 Hence, we may assume 
T ^ {1}, and so Q is not of type Aq. 

Denote by ( : C — > L ® L the linear map that sends 1 to y ® x — x ® y. By Lemma 3.2 
of |CBH| and its proof, for each edge a € Q, there are T-equivariant monomorphisms 

a ■ N t{a) — > L ® iV h ( ) and c/> a : iY h(a) — ► L ® N t(a) 
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such that for each vertex i, we have 



(ld L ® #a)<A 



■a 



(ld L ® 0a)^a = Si(C ® IdjvJ 



as maps from iVj to L <8> L ® Af, , and such that 



(w L (8)Idjv t(o) )(Id L (8)^ )e, 



£/i(a) Id 7V ( 



and 



(wl ® Idjv fc(o) )(ldi (8) 9 a )(p a = 5 t(a) Id Nl 



Moreover, the 6 a , <f> a (a G Q) combine to give a basis for each of the spaces Homr(iVj, L®Nj). 
By we have an isomorphism T B E#S n -=-» f® n (TV# T n )f® n such that 

eii <8> ej 2 (8) • • • <8> ej„ • a h-> f h ® f h g> • • • <g> / in • a , 

® ej 2 ® • • ■ (g) a (8) • • • g) ej n • <r h-> <8> /i 2 ® • • • <8> <^>a ® • • • <8> /»„ • cr , 
(g> e i2 (g> • • • <g> a* (g> ■ • • (8) e; n • a (-»• / lx (8) /j 2 ® • • • (8) a <g> • • • <8> /j„ • cr , 

for any ii, . . . , i n G I, a G Q, and <r G 

Denote by J the subspace of TV #r n spanned by elements of the form [u, v] — k(u, v) 
with u, v G V. The algebra H t . c (T n ) is the quotient of TV #T n by the two sided ideal 
generated by J. Thus, f® n H t ,c( T n)f® n is the quotient of f® n (TV #T n )f® n by the ideal 
f® n (TV#T n )J(TV#r n )f® n . By El . we have 

f® n (TV# r n )j(TV# r n )/® n = f® n (TV# r n )/® n c[r n ] jc[r n ]/® n (ry# r n )/® n . 

Hence, /® n Hi >c (r n )/®" is the quotient of f® n (TV #T n )f® n by the two sided ideal gen- 
erated by /®' 1 C[r n ]JC[r n ]/ <8n . We will show that, via the isomorphism T B E#S n ~ 
f® n (TV#T n )f® n constructed above, the two sided ideal that f® n C[T n ] JCfT"]/®" gen- 
erates gives precisely the relations that define h n ,\,u as a quotient of TeE#S n . We will 
use the description of J given by Lemma 13.1.11 

First, we consider the relations (Rl) in Lemma [3.1.1I Observe that for any g G T, 
since ujl is T-invariant, we have 



g(x <8> y — y ® x) = (x (3 y — y® x)g G TL #r , 



and since c G ZT, we have 



7^1 7^1 



Also, for any g,h £T, 
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Hence, if J% C J is spanned by elements of type (Rl), then 

f® n c[r n \j 1 c[r n }f® n = /®Vi/® n c[r n ]/® n . 

For any i\, . . . , i n G J and i G [1, n], we have 

/ii ® • • • <8> fi n • [xt, ye] = [xe, ye\ ■ f h ® ■ ■ ■ ® fi n 

li a£Q,h(a)=ie a£Q,t(a)=i£ 

and ^ 

/n ® ■■• ® /*„(*■ 1 + E S^) = i~Kfh ® • • • ® /i„ ■ 

Moreover, keeping in mind that we have fixed an isomorphism CT ~ (D ieJ Mat(5j x <5j), 
we have by orthogonality relations for matrix coefficients (see |Sel p. 14]) 



fn ® ■ ■ ■ ® fi n ■ s ziirij x ) • fh ® • • • ® fi n 



® • • • ® /i„ if ij = , 
else . 



(Note that /i7/i (where i € 1,7 G T) is equal to fi times the corresponding matrix 
coefficient for the action of 7 on iVj.) Hence, (Rl) gives the relations (i) of Definition 

MM 

Next, we find the relations that come from (R2) in Lemma 13,1.11 To ease notations, 
we will assume without loss of generality that n = 2. (See Example 12.3.11 ) 

For any u,v G L and g,h G T, note that 

{g®h) ■ [ui,v 2 ] = [(gu) 1 ,(hv) 2 ] ■ {g ® h) , 

and 

{g®h)- (^^ L (7u,u)si27i7 2 " 1 ) = ^^i(7^, ^)si2(^7)i(T5 , ~ 1 ) 2 _1 

7 7 

= CY u L{igu, /iv)si27i72 _1 ) -{g®h). 

7 

Now, for any i, j, k,l G J, we have 

(/* ® /i)(5 ® i)K,«a](i ® /i)(/ fc ® /i) 

= £ Cfa ® /,)fa ® ® ^ 2jl )) ®(^ ® *ftjfa ® (/* ® hfi)) 

U,P1,«2,P2 

- £ ® fMvi ® GT^l ® ^ 2 ,l)) ^(^^ ® ^Ofa ® (/* ® A/1)) 

U,P1,«2,P2 

= (fi9 ® /j) fa ® (A ® /i)) ® (/* ® /i) fa ® (/it ® V/)) 

- (/< ® /i) fa ® (/i ® ® (/i5 ® fl) fa ® (/fc ® fi)) (3-5.3) 
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Note that via our identifications in ^13. 41 the last line of (|3.5.3[) is an element of T|E = 
E (g) B E. Now, on the other hand, 

(fi ® fj)(9 ® 1)(J^ w L (7n,t.)si 2 7i7 2 - 1 )(l ® h)(f k ® /,) 

7 

=si2^ w i(^ w )(/i7/fc) ® UiQl^hfi) . (3.5.4) 

7 

Observe that for any edge a € Q, we can find g a , /i a G T and u a , u a € L such that 

ft(a)9a{u a ® //,(«)) / and //,(«,) K ® ^a/t(o)) 7^ . 

Suppose that <5 is not of type Ai, so that each of the spaces fi(L ® CT)fj is at most one 
dimensional. For any i,j £ I, there is a bijection 

(/iCT ® L ® cr/j) r -» /«(£ ® cr)/j : a ® u ® /? i-» a(u ® 0) . 

Here, the action of 7GT on a®u®/?e faCT ® L ® CT/j is a7 _1 ® 7« ® 7/?. There is 
also a T-equivariant non-degenerate pairing 

(/iCr ® l ® cr/j) (g)(/jCr ® l ® cr/o -» c 

(q ® it ® /?) ($5(q' ® «' ® i-» (aft^a' 0)u> L (u, v!) 



Thus, for any edge a € Q, we may assume that u>L(u a ,v a ) = 1. Moreover, ft( a )9{ v a ® 
A(a)) = if fh(a){v a ® hf t(a) ) / 0; and f h ( a) {u a ® /i/ t(a) ) = if f t ( a )9(ua ® A(a)) / 0. 

Note that \ik ^ j or / 7^ i, then the expression in (|3.5.4I) is zero. Hence, if a : — > i 
and b : I —* j are two edges of Q such that 6 / a* or a / 6*, then we obtain from (|3.5.3|) 
and (R2) that 

(a ® h(b))(t(a) ® b) - (h(a) ® 6) (a ® £(&)) = . 

Now suppose k = j and / = i. If iVj is not an irreducible component of L®iVj, then the 
expression in (|3.5.4j) is zero by orthogonality of matrix coefficients on iVj and L ® iVj ; in 
this case, note that ()3.5.3|) is also zero. Thus, suppose there is an edge a : i — ► j in Q. We 
consider the case that a £ Q; the case a £ Q is completely similar. We have Ni C L ® TVj 
via # a . Hence, we have a decomposition into irreducible components L ® iVj = -/V,, © • • • . 
A basis for iVj ® • • ■ compatible with this direct sum decomposition is 

£1 : = /« = #1,1 1 £2 := #2,1 : 6 := #3,1 j • • • i 
and a basis for L ® iVj is 



//1 := ii a ® fj = u a ® , /x 2 := u a ® E 1 ^ , . . . , /x 2(5j := v a ® £; 



Define the matrix r = (j p , q ) by // 9 = J2 P T p,q9 sp an d the matrix £ = (g P! q) by /i£ g 

6p,q^p- 
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Using the fact that the composition 

N j hL®N i hL®L^N j ^ Nj 
is multiplication by <5j, we get 

hg(u a ® fj) = Ti t xfi and fj(v a <g> hfo) = • 

Now consider the matrix coefficients for 7 : L (g> JVj — > L ® Nj, where the matrix 
representing 7 is taken with respect to the basis {</ £p} p =i,2,... for the domain of 7 and 
the basis {/i£ p }p=i 2,... f° r the image of 7, vice versa for the matrix representing 7 . 
Since each irreducible representation of T appears in L ® iVj at most once, and the bases 
{<? £p}p=i,2,... and {/i£ p }p=i,2,... respect the decomposition into irreducible components, 
the usual orthogonality relations, proved for example in [Sel p. 14], continue to hold in this 
situation, that is, we have 

^o; L (7u a ,w a )(/ i 7/ i ) (g> (figj^hfi) = ^ Tl ' 101 ' 1 fj ® fi ■ 
Hence, taking u = u a and v = v a in (|3.5.3[) - (j3,5.4j) . we get from (R2) the relation: 

fciri 

(a* <g> h(a))(h(a) ® a) - (t(a) <g> a) (a* ® 2(a)) = si 2 -^- ! -(/i(a) ® i(o)) . 

Note that rn and £1,1 are non-zero when g = g a and h = h a . 

Now take u = u a and u = u a in ()3.5.3|) - (|3.5.4[) . If fig(u a ® fj) 7^ 0, then fj{u a ®hfj) = 
and so £^+1,1 = 0. Thus, both sides of the relation that (R2) gives in this case are zero. 
Similarly if u = v a and v = v a . 

When Q is of type Ax, T = Z/2Z, and in particular it is abelian. It is straightforward 
to check the relations directly in this case. 

We conclude that (R2) gives the relations (ii) of Definition 11.2.31 □ 
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